In the turbulent Rayleigh-Taylor instability, the light fluid penetrates the heavy fluid as bubbles with a diameter D b and amplitude h b that grow self-similarly
I. INTRODUCTION
The Rayleigh-Taylor ͑RT͒ instability 1 occurs when a high density ͑ H ͒ fluid is accelerated or supported against gravity by a low density ͑ L ͒ fluid. At small amplitude h k Ͻ 1/k, interfacial perturbations with wavenumber k =2 / grow as h k = h 0k cosh͑⌫t͒ → h 0k 2 exp͑⌫t͒. ͑1͒
The classical growth rate is ⌫ ϳ ͱ Akg, where A = ͑ H − L ͒ / ͑ H + L ͒ is the Atwood number, g is the acceleration, and t is time. In reality, ⌫ peaks at some wavenumber k p due to various stabilizing processes at short scales. [1] [2] [3] At large amplitude h k Ͼ 1/k, the "light" fluid penetrates the "heavy" fluid as bubbles with a terminal velocity [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] 
The complementary spikes of "heavy" fluid have a velocity that increases with A. If the spectrum becomes turbulent ͑broadband and nonlinear͒, the dominant bubbles become self-similar with a wavelength b ϰ h b and the amplitude grows as h b = ␣ b A gt 2 . ͑2͒
There has been good agreement among theory, experiments, and numerical simulations ͑NS͒ for ⌫ [1] [2] [3] [4] [5] but not for the growth constant ␣ b . Experiments [17] [18] [19] [20] [21] [22] [23] [24] [25] obtain ␣ b ϳ 0.04-0.08 whereas NS initialized with only short wavelength perturbations [26] [27] [28] [29] [30] [31] obtain ␣ b ϳ 0.03 with a variety of numerical techniques. Less resolved NS [32] [33] [34] [35] [36] with fronttracking to reduce numerical diffusion and different initial perturbations obtain ␣ b ϳ 0.04-0.08. Although ␣ b may depend on the numerics, it is also possible that the differences in ␣ b are due to differences in the initial conditions. [14] [15] [16] 28, 31, 39 These issues can be clarified by utilizing the two key characteristics of RT bubbles, namely, that ͑1͒ their characteristic velocity is proportional to that of a single bubble [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [34] [35] [36] [37] [38] [39] 
where the constant Fr is the Froude number and ͑2͒ their diameter grows self-similarly D b ϰ h b . Then, Eq. ͑3͒ yields Eq. ͑2͒ with
For A = 1, potential flow models and experiments yield Fr ϳ 0.5-2/3 depending on the geometry. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] 39 These models were extended to A Ͻ 1 [10] [11] [12] [13] 35 and tested with threedimensional ͑3-D͒ simulations. 42 There are two limiting ways for generating the successively longer wavelengths associated with self-similar growth, namely, by the ͑1͒ nonlinear coupling of saturated shorter wavelength modes or ͑2͒ exponential amplification and saturation of ambient modes.
The first process is invoked in bubble merger models [34] [35] [36] [37] [38] and leads to an ␣ b that depends primarily on the merger rate since it determines D b / h b . The associated ␣ b is insensitive to the initial conditions and perhaps universal because the merger process involves the nonlinear coupling of a͒ Paper PI2 3, Bull. Am. Phys. Soc. 49, 288 ͑2004͒. saturated modes of intrinsic scales ͑h k ϳ 1/k͒. In the second process, the dominant modes are produced by the linear amplification and nonlinear saturation of ambient initial perturbations. Since the linear growth is exponential, ␣ b may depend logarithmically on the initial conditions. [14] [15] [16] 28, 31, 39 In this paper, we clarify the importance of initial conditions on ␣ b by comparing new numerical simulations with previous experiments ͑summarized in Sec. II͒ and models for self-similar bubble dynamics ͑Sec. III͒. The simulations ͑Sec. IV͒ are performed with single modes to test Eq. ͑3͒ for all A 42 and a variety of broadband perturbations 31 to calculate ␣ b . This is important because ␣ b is used to calibrate engineering "mix" models 26, 40, 41 which calculate the performance of applications like inertial confinement fusion. 3 We consider 3-D perturbations with a wavenumber k = ͱ k x 2 + k y 2 , where k x and k y are the components transverse to gẑ.
II. REVIEW OF EXPERIMENTAL RESULTS
Early RT experiments 2, 5 were generally performed with simple fluids in two dimensions ͑2-D͒ with g ϳ 50g 0 ͑g 0 = 980 cm/ s 2 ͒ and exhibited good agreement with analytical solutions for ⌫. Laser-plasma experiments 3 at g ϳ 10 11 -10 12 g 0 also agree well with theory and confirm that ablation flow stabilizes short wavelength modes and inhibits turbulent mixing.
Turbulent mixing experiments conducted in 3-D confirmed Eq. ͑2͒. The "rocket rig" 17, 18 experiments with immiscible fluids at g ϳ 50g 0 obtained ␣ b ϳ 0.063± 12% over 0.23Ͻ A Ͻ 1. Similar experiments 20 at g Ͼ 150g 0 obtained ␣ b ϳ 0.07 whereas those on the Linear Electric Motor ͑LEM͒ [22] [23] [24] at g ϳ 70g 0 obtained ␣ b ϳ 0.05± 10% over 0.15 ϽA Ͻ 0.96. Experiments with miscible liquids at g = g 0 obtained ␣ b ϳ 0.07± 16% 19, 25 or greater. 21 Combining these results yields an average value ␣ b ϳ 0.063± 12%.
The LEM experiments 24 showed that the bubbles do indeed grow self-similarly with D b / h b ϳ 0.3͑1+A͒ ± 25%. A similar analysis 37, 38 for individual plumes. The initial conditions in RT experiments are small and difficult to measure but they were estimated 39 by analyzing early images on the LEM. [22] [23] [24] Those early perturbations are only weakly nonlinear and can be projected back to the origin using the known ⌫ in Eq. ͑1͒. The resulting initial perturbations are found to increase with g in excess of the thermodynamic fluctuations and this suggests that they are excited in situ by vibrations. The experiments [22] [23] [24] reporting ␣ b had g ϳ 30-100g 0 , initial wavenumbers of k ϳ 25-45 cm −1 , and a scaled root-mean-squared ͑rms͒ initial amplitude ͑Sec. III͒ of k͗h 0k ͘ =4±2.7ϫ 10 −4 . Finally, experiments at g = g 0 ͑Refs. 19,21,25͒ used physical barriers to segregate the liquids initially and they obtained ␣ b ജ 0.07 because the initial perturbations were relatively large. They also found that 70%-80% of the unstable region was mixed at the molecular level and that only ϳ50% of the converted potential energy appeared as total kinetic energy ͑i.e., ϳ50% dissipation͒. Remember, the vertical component of the kinetic energy can be related to ␣ b ͑Ref. 30͒ and it can differ in 2-D and 3-D.
III. MODELS FOR SELF-SIMILAR BUBBLES
Estimates of ␣ b have been made using models based on the self-similar evolution of the single-mode solution and its extension to multi-mode wavepackets. The models differ by their description of self-similarity, which can occur in two limiting ways as described in Sec. I. This section summarizes the merger models based on non-linear mode-coupling and a competition model based on the full single-mode solution.
A. Mode-coupling "merger… models
Merger models [34] [35] [36] [37] [38] Glimm and collaborators 37, 38 develop a merger model with two adjustable parameters. One parameter determines the merger rate and it was adjusted to match D b / h b ϳ 0.3 they inferred from the "rocket rig" experiments at A ϳ 0.9. The second parameter Fr determines the terminal velocity in Eq. ͑3͒ and must be set to ϳ1.3 to obtain the observed ␣ b ϳ 0.067. Since this value exceeds Frϳ 0.56 expected from potential flow for periodic bubbles, 7-9 they postulated an envelope instability in which bubbles in a chaotic array are catapulted by their subordinated neighbors. They proposed augmenting the single bubble velocity with the corresponding velocity for a modulated envelope at 2 b so that Fr ϳ 0.56͑1+ ͱ 2͒ϳ1.35.
Shvarts and collaborators [34] [35] [36] used Frϳ 0.56 for a periodic potential flow but they obtained ␣ b ϳ 0.05 by increasing the merger rate so that b / h b ϳ 1.3 at A = 1. Although this aspect ratio exceeds the D b / h b ϳ 0.6 observed on the LEM, it was justified on the basis that the leading bubbles are comprised of about half of those in the ensemble and, thus, the streamlines in the "heavy" fluid have an effective wavelength of 2-3D b .
Although implemented differently, both models use effective wavelengths that exceed D b in order to match the observed ␣ b . This has some merit because RT bubbles are not periodic, but the basis for a large Fr may not be related to a chaotic process. Instead of tightly bounded bubbles, RT bubbles in experiments 22, 24 and simulations 30 appear more like unbounded bubbles 4, 7 or plumes 6 and they exhibit a Fr ϳ 1 that exceeds the Frϳ 0.56 for a periodic array. This is plausible physically because the velocity of the "heavy" fluid
is smaller when the counterflow is more distributed and this reduces the local drag on the bubbles. This is verified by single mode simulations. 43 The extension of these models to A Ͻ 1 depends on how the terminal bubble velocity varies with A. In Fig. 1 , we compare the results of potential flow models [10] [11] [12] [13] ͑lines͒ with those of high-resolution 3-D simulations͑points͒. 42 The simulations agree best with the model of Goncharov 10 which obtains
with Fr= 0.56. Equation ͑5͒ is obtained from Eq. ͑3͒ by setting D b = b and is consistent with a buoyancy-drag model. 35 The simulations 42 also confirm that the radius of curvature is independent of A.
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B. Mode-competition model
Mode competition is defined as the linear amplification and non-linear growth of independent ambient modes. This can be described ͑attributed to Fermi 8 ͒ by transitioning from the linear to the non-linear solutions when their timederivatives become equal ͑⌫h k ⇒ V b ͒.
14,15,30,39,42 For a broad spectrum of modes, the envelope of such solutions satisfies Eq. ͑1͒ in a self-similar manner because the long wavelength modes saturate with a larger amplitude and velocity than the more linearly unstable short wavelength modes. However, the single mode solutions must first be adapted to an ensemble of RT bubbles and this can be done using the Haan model. 40 Haan 40 suggested that an ensemble of bubbles could be described as a wavepacket of modes whose envelope ͑modes added in quadrature͒ obeyed the single mode solution for the average wavelength. This was suggested earlier 44 for the beam-plasma instability in which a single mode grows exponentially until the wave becomes large enough to trap the beam electrons. With a finite band of modes, 45 experiments found that the total wave energy ͑amplitudes added in quadrature͒ evolved identically to that of a single mode until the electrons resolved the spectral spread. For the RT instability, Haan 40 attributed the bubble amplitude to the rms amplitude of a multi-mode wavepacket
where L is the domain size. The effective width was estimated 39 to be ␦k ϳ 3k / 8. Within this picture, h b evolves like the single mode solution in which saturation occurs when ͗h k ͘ becomes comparable to the mean wavelength, but the individual mode amplitudes are smaller by the phase space factor kL in 3-D, i.e., h k ϰ 1/Lk 2 . This suppression was observed directly in the beam-plasma instability. 44, 45 The single mode solution is adapted to the multi-mode RT case by applying the Fermi transition 8, 40 to the wavepacket as follows:
The linearly most unstable mode k p will saturate first with a growth rate ⌫ ϳ 0.7 ͱ Ak p g, but the longer wavelength modes 
͑9͒
For t ജ t NL , the solution grows with the terminal velocity, namely, as
For a fixed k b , Eq. ͑10͒ resembles previous solutions 14, 15 and it agrees with 3-D single-mode simulations 30, 31 within Ͻ1% in the linear regime and within 21% in the nonlinear regime. When this solution is plotted for many wavelengths, 39 the envelope satisfies Eq. ͑1͒ with successively longer wavelength modes. Equation ͑10͒ extends Birkhoff's analysis 14 to A Ͻ 1 and for an ensemble of bubbles instead of individual modes.
Following Birkhoff, 14 we seek the wavelength that maxi 
͑12͒
The dependence of ␣ b and ␤ b on k͗h 0k ͘ is shown in Fig. 2 
IV. NUMERICAL SIMULATIONS
The model and experimental results in Fig. 2 compare favorably with the circles obtained with 3-D numerical simulations using various Eulerian type codes. 30 All codes are forms of monotone-integrated large-eddy simulations in order to treat the initial density discontinuity without generating spurious oscillations. At small amplitudes, the numerical dissipation has been evaluated 30 by comparing the calculated exponential growth rate with the theoretical value with viscosity. 1 The codes are used to investigate the mode-coupling and mode-competition limits by varying the initial perturbation spectra as shown in Fig. 4 . In the mode-coupling limit, the wavelength of the dominant modes increases in time by the nonlinear coupling of previously saturated shorter wavelength modes. This can be investigated asymptotically by imposing only short wavelength initial perturbations as shown in Figs. 4͑a͒ and 4͑b͒ . We adopt an annular spectrum with modes 16-32 for simulations with 128ϫ 128ϫ 256 zones and with 32-64 for those with 256ϫ 256ϫ 512 zones. In the mode-competition limit, self-similar growth occurs by the exponential growth and saturation of successively longer wavelength modes. This is investigated with broadband initial perturbations that have a k incompressible code RTI-3D 30 using 128ϫ 128ϫ 256 zones. In both limits, the individual modal amplitudes and phases are chosen randomly within the prescribed envelope.
The temporal evolution of h b is shown in Fig. 5 for different amplitudes. The dimensions are scaled to the width of the domain L. The initial growth always depends on the initial conditions because the evolution is transitioning from the linear to nonlinear regimes. We are interested in the later stage because it is most representative of an asymptotic limit and this is characterized here by ␣ b ϵ ‫ץ‬h b / ‫ץ‬Agt 2 . As the initial amplitude increases, the asymptotic slope ͑␣ b ͒ increases slightly but only for the broadband initial spectra.
The simulation results are summarized in Fig. 2 . The simulations with the annular initial spectrum ͑open circles͒ are insensitive to the initial amplitude. The closed circles representing the simulations with broadband initial perturbations indicate a logarithmic increase in ␣ b with initial amplitude in agreement with the model. There is also reasonable agreement in the self-similarity ratio ␤ b except at large k͗h 0k ͘ = 0.05, and this is not yet understood. Both sets of simulations 30, 31 also find a molecular mixing ratio of ϳ75% and a kinetic energy ϳ50% of the potential energy in good agreement with experiments. 21, 25 The model in Sec. III B is incomplete when there is a significant amount of entrainment or molecular mixing such as is evident in previous NS. [26] [27] [28] [29] [30] [31] 33 In Fig. 6 , we show latetime density slices for two simulations done with broadband initial perturbations and H =3 g/cc ͑black͒ and L =1 g/cc ͑white͒. The leading bubbles exhibit significant entrainment since they appear grey and they have an average density of b ϳ 2.2 g / cc for k͗h 0k ͘ = 0.04 and b ϳ 2.6 g / cc for k͗h 0k ͘ = 1.1ϫ 10 −5 . The bubble densification can be incorporated into the equations in Sec. III B by replacing L with b as follows:
The entrainment co-factor is ϳ0.63 for k͗h 0k ͘ = 0.04 and 0.45 for k͗h 0k ͘ = 1.1ϫ 10 −5 . The simulations in Fig. 2 find that the entrainment ͑ b ͒ decreases as k͗h 0k ͘ increases and that causes a corresponding increase in ␣ b relative to Eqs. ͑11͒ and ͑12͒. Entrainment may be responsible for slight differences in Fig. 2 between immiscible LEM experiments and miscible simulations, 31 but this requires further study.
V. SUMMARY AND DISCUSSION
We have summarized experiments, models, and new simulations that reconcile apparent discrepancies in the turbulent RT growth constant ␣ b and clarify the importance of the initial interfacial perturbations and the consequent entrainment or molecular mixing.
Turbulent RT experiments yield a consistent set of data including ␣ b ϳ 0.063± 12%, D b / h b ϳ 0.3͑1+A͒ ± 25%, a molecular mixing fraction of 70%-80%, and an energy dissipation of ϳ50% of the converted potential energy. These results indicate that RT bubbles exhibit a Frϳ 1 in Eq. ͑2͒ in excess of 0.56 expected from a periodic potential flow ͑Sec. III͒. The initial perturbations are estimated to have a scaled rms amplitude of k͗h 0k ͘ =4±2.7ϫ 10 −4 on the LEM and perhaps larger in other experiments. 19, 21, 25 A value of ␣ b can be estimated from models based on the self-similar evolution of the single-mode solution and its extension to a multi-mode wavepacket. The models differ by their description of self-similarity, which can occur in two limiting ways, namely, by the non-linear coupling of saturated bubbles ͑merger͒ and by the amplification and saturation of ambient modes ͑competition͒.
Numerical simulations designed to investigate the modecoupling and mode-competition limits support the model calculations and suggest that entrainment or molecular mixing is also important. Such mixing is inherent to mode-coupling because it produces both longer and shorter wavelength modes and the latter are prone to more diffusion. This can be characterized with an effective bubble density b that decreases to L as k͗h 0k ͘ increases for broadband initial perturbations.
In summary, our results are able to reconcile apparent discrepancies between experiments and simulations by showing how ␣ b and ␤ b depend on initial perturbations and the turbulent entrainment. In the future, it would be helpful for experiments and simulations to vary the initial perturbations and compare miscible and immiscible fluids.
